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A COUNTEREXAMPLE FOR A SUP THEOREM IN LOCALLY
CONVEX SPACES
By STEFANO ROSSI
Abstract In this brief note, we provide an example of non complete locally
convex space E with a σ(E,E∗) closed bounded subset C ⊂ E, which is not
σ(E,E∗)-compact, even if every ϕ ∈ E∗ attains its sup over C.
In [3] James has shown the following far reaching theorem, that can be viewed
as one the deepest result on weak topologies together with the Eberlein-Smulian
theorem:
Theorem 1. Let E be a complete locally convex space. If C ⊂ E is a bounded
σ(E,E∗)-closed subset, then the following are equivalent:
1. C is σ(E,E∗)-compact.
2. Given any ϕ ∈ E∗, there is x ∈ C such that supy∈C |ϕ(y)| = |ϕ(x)|.
Completeness assumption cannot be dropped as R.C. James himself has
pointed out in [2], where an example of non complete normed space whose
functionals are all norm-attaining is given. Clearly, by James’ theorem the
completion of this space is a (not stricly convex) reflexive Banach space.
As mentioned in the abstract, in this note we will give an example of a non
complete locally convex space E with a convex bounded σ(E,E∗)-closed subset
C ⊂ E, which is not weak compact, though every ϕ ∈ E∗ has a maximum on C.
Before showing our counterexample, we start recalling some basic defini-
tions. Given a Banach space X, a bounded linear functional ϕ ∈ X∗ is said to
be norm-attaining if there exists x ∈ X with ‖x‖ = 1 such that ‖ϕ‖ = |ϕ(x)|.
Obviously, a subspace M ⊂ X∗ is norm-attaining if each functional ϕ ∈ M is
norm-attaining. Finally a subspace M ⊂ X∗ is determinant (or 1-norming) if
‖x‖ = supϕ∈M1 |ϕ(x)| for each x ∈ X, M1 being the unit ball of M.
Let X be the (complex) Banach space of those functions f : [0, 1] ⊂ R → C
such that
∑
x∈[0,1] |f(x)| < ∞, endowed with the norm ‖ · ‖1 given by ‖f‖1 =∑
x∈[0,1] |f(x)|. Note that the support of any f ∈ X is at most countable.
Let fx ∈ X be the function given by fx(y) = δx,y for each y ∈ [0, 1]. Since
‖fx − fy‖1 = 2 for eachx, y ∈ [0, 1]
X cannot be separable, [0, 1] being uncontable.
B[0, 1] will indicate the space of all real bounded function defined on [0, 1],
endowed with the sup-norm ‖ · ‖∞. The following simple lemma recognizes
B[0, 1] as the dual space of X.
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Lemma 1. Φ : B[0, 1] → X∗, given by Φ(g)(f) =
∑
x∈[0,1] g(x)f(x) for each
g ∈ B[0, 1] and f ∈ X, is an isometric isomorphism.
Proof. Clearly Φ(g)(f) =
∑
x∈[0,1] g(x)f(x) defines a bounded linear map from
B[0, 1] to X∗ and ‖Φ(g)‖ ≤ ‖g‖∞ for each g ∈ B[0, 1].
Now, let ϕ ∈ X∗. Let us define g as the function given by g(x) = ϕ(fx) for each
x ∈ [0, 1]. Since |g(x)| ≤ ‖ϕ‖, we get g is a bounded function with ‖g‖∞ ≤ ‖ϕ‖.
To conclude the proof, it only remains to check that ϕ = Φ(g). If f ∈ X, we
can write f =
∑∞
i=1 f(xi)fxi , where {xi : i ∈ N} is the support of f . Put
fn =
∑n
i=1 f(xi)fxi , clearly we have ‖f − fn‖1 → 0, hence:
ϕ(f) = lim
n→∞
ϕ(fn) = lim
n→∞
n∑
i=1
f(xi)g(xi) =
∞∑
i=1
f(xi)g(xi) = Φ(g)(f)
This concludes the proof, since f ∈ X is arbitrary.
Now let us consider the space C[0, 1] of continuous functions on [0, 1] as a
closed subspace of X∗ = B[0, 1]. We have the following:
Proposition 2. C[0, 1] ⊂ X∗ is a determinant subspace of norm-attaining linear
forms.
Proof. Let f ∈ X and let {xi : i ∈ N} be its support. Given any ε > 0 there is
a natural number N such that
∑∞
N+1 |f(xi)| < ε. Now let g be any continuous
function on [0, 1] such that g(xi) = e
iθi for each i = 1, 2 . . . , N and ‖g‖∞ = 1,
where θi ∈ R is given by f(xi) = |f(xi)|e
−iθi . We have:
Φ(g)(f) =
N∑
i=1
|f(xi)|+
∞∑
i=N+1
f(xi)g(xi) > ‖f‖ − 2ε
since |
∑∞
i=N+1 f(xi)g(xi)| < ε. This proves that
‖f‖1 = sup
g∈C[0,1]:‖g‖∞=1
|Φ(g)(f)|
so that C[0, 1] is a determinant subspace.
Now, let g ∈ C[0, 1], we have ‖Φ(g)‖ = ‖g‖∞ = |g(x0)| for some x0 ∈ [0, 1].
Then ‖Φ(g)‖ = Φ(g)(f˜), where f˜ = eiθ0fx0 (g(x0) = e
−iθ0 |g(x0)|). This con-
cludes the proof.
Now we consider the dual pair (cfr. [4]) with the natural pairing (evaluation).
(X,M) and the locally convex space E, which is X endowed with the Mackey
topology τ(X,M), so that we have E∗ = M by virtue of the Mackey-Arens
theorem (see [4]). In [1] it is shown that E is nor complete, neither quasi-
complete.
Let C ⊂ E be the (circled) convex subset given by the unit ball of X1. Since M
is determinant, we have:
C =
⋂
ϕ∈M1⊂E∗
{f ∈ E : |ϕ(f)| ≤ 1}
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thus C is σ(E,E∗)-closed. Clearly C is a Mackey bounded subset as a norm-
bounded subset, anyway it is not σ(E,E∗)- compact, even if each ϕ ∈ E∗ has a
maximum on C:
Proposition 3. C ⊂ E is not σ(E,E∗)-compact.
Proof. We argue by reductio ad absurdum. Let us consider the linear map
F : X → C[0, 1]∗ given by F (f)(g) =
∑
x∈[0,1] f(x)g(x) for each g ∈ C[0, 1], for
each f ∈ X. Since C[0, 1] is determinant (for X), F is an isometry; moreover it
is a σ(X,M)-σ(M∗,M) continuous map (M∗ is the Banach dual space of M).
Observe that RanF is weak*-dense in C[0, 1]∗, since one trivially has RanF⊥ =
0. If C = X1 is σ(E,E
∗) compact, then F (C) = F (X)1 is weakly* closed, so
RanF is weakly* closed thanks to Krein Smulian theorem. This means that F is
surjective, that is C[0, 1]∗ ∼= X. This is absurd, since C[0, 1]∗ =M([0, 1]) (finite
Borel measures on [0, 1]) and X ⊂ M([0, 1]) as a proper sunbpace, where the
(isometric) inclusion map is simply given by i(f) =
∑
x∈[0,1] f(x)δx, δx being
the Dirac measure concetrated on x.
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